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Modelling microstructure formation 
and phase transitions in rocks

Jens K. Becker

with pictures and results from lots of people
(Paul, Mark and various people that 

kindly made examples available on the web but
have no idea that I used them)
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What is a microstructure in geology?
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What is a microstructure in material 
science?

  4

Different modelling techniques

The most used modelling techniques probably 
are:

� Finite difference models

� Finite element models

� Phase field models

� Front-tracking models

� Potts model, celular automata, Ising etc.
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Something to scare you

This represents a 
simple (!) rotation of an 
8-sided hypercube. 
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Phase-field modelling

Just a quick reminder:

� no sharp boundaries (values within the boundary can have everything 
between e.g. 0 and 1)

� grid of points (and lots of them, the number of points for any given segment of 
the boundary has to be large compared to its length)

� (currently) limited to a small number of “grains” (due to computer speed)
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Monte Carlo models
Monte Carlo, Ising, Potts , etc. are stochastic models that involve probabilities. 
One simple example: Brownian motion of particles.

A particle can jump a unit distance each time step. In 2D, there are 8 position
it can jump to. Which one it jumps to is random. 

If this is done for a certain time, the movement 
of the particle can be traced.

But it does not have to be a jump in a random direction.
We can also randomly switch the state of a certain point
on the grid (e.g. concentrations).    10

Some examples:
A Potts model

A Potts model of static grain growth. Each point on the lattice has a value between
0 and 255. A point may switch its state to any of the 8 neighboring states depending
on some probability function. Which node is select for a possible switch is random.

  11

Finite difference method

� Uses a grid of points

� Transfers values (states, 
material properties etc.) 
between the points

� Values vary linearly between 
neighboring points

� Grid points are fixed

Different methods to calculate 
states/material properties of any given 
node using values of the neighbour 
nodes.   12

Some examples

Cooling of a dyke

Showing, for a horizontal applied 
field, the horizontal currents around a 
circular inclusion of conductivity 10, 
embedded in a matrix of conductivity 
one, computed using a finite 
difference program. The magnitude 
of the currents go from red = high to 
black = low.

Groundwater flow in an island
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Finite elements

Finite element models are best suited to model deformations 
(or more general something with a changing topology)

To do this we have to:

� Design a microstructure (or whatever it is we want to 
model)

� Mesh it (meaning dividing it into very small pieces, the 
finite elements)

� Solve all equations we are interested in for each element 
of the mesh taking into account all surrounding elements 
and boundaries.   14

Some examples

Porous flow (colors show 
flow velocities)
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Converting “real world” into 
“computer world”

Design a microstructure

Usually, the microstructure is 
designed from primitives 
(cubes, spheres, tetraeder etc.)

Mesh it

Meshing a model (microstructure) 
can be very complicated and is 
a research topic all on its own. 
This case of course is very 
simple...
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Different ways of triangulations

Using                                       as an example

There are many different ways to triangulate a set of points. 
Three are used very often:

� Regular (weighted) triangulations
� Delaunay triangulations
� Voronoi triangulations
� Fill the different entities with as many simple geometric bodies 
as possible (squares, hexagons etc.)
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Regular triangulations

Regular:

� “Just triangulates”

� Only postcondition: each 
polygon has three points

Weighted:

� User defined value 
determines how 
“important” a point is. 

� If it is not important, it 
might not be used for the 
triangulation   18

Delaunay triangulations

� Generates triangles with 
“large” angles

� is unique for a given set of 
points (except for some 
degenerate cases)

The circle defined by the three points 
of a facet does not include any other 
points of the triangulation.
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Voronoi triangulations

Voronoi triangulations are said to be the 
dual of Delaunay triangulations. They are 
almost always constructed from 
Delaunay triangulations.

Using predefined primitives 
The triangulation is just a way to 
simplify the structure of the problem for 
easier and faster solving of the system 
of equations. Therefore, lots of 
programs use predefined elements with 
a fixed amount of degree of freedom 
(DOF) and properties.

DOF: x,y,z

DOF: rotation
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Increasing precision of mesh at 
areas of interest

Decrease element size in areas of special interest 
(boundaries). This will greatly enhance precision of 
the simulation while keeping calculation time to a 
minimum.
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Back to finite elements:
A simple example

Now that we understand meshing, we will make a (very) simple 
example: uniaxial compression.

We take a box of material with 
a side length of 1m x 1m x 1m

We apply a force to two sides 
of the cube

And various boundary conditions 
to the other sides
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Preparations for the simulation

� Meshing the cube

This is really not hard with this 
easy example, anything will 
do

� Setting material 
properties

We need:

� Youngs modulus

   1 E+10 Pa (=100 
GPa)

� Poisson ratio

0.3
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Solving Hooke's law (in 3D)

� Hooke's law? WTF?

Hooke's law of elasticity is an 
approximation linking the 
amount of deformation 
(strain) linearly to the force 
causing it (stress). Only 
works for linear-elastic 
(Hookean) materials.

Harmonic oscillation:

system which, when 
displaced from its 
equilibrium position, 
experiences a restoring 
force F proportional to the 
displacement x according 
to Hooke's law.

�F= � k�x x = elongation distance
F = restoring force
k = spring constant

In 3D it can be derived using the 
Young's modulus and the 
Poisson ratio of a material.

� 1=
1
E

�� 1���� 2�� 3		

� 2=
1
E

�� 2�� �� 1�� 3		

� 3=
1
E

�� 3�� �� 1�� 2		

œ
v= Poisson ratio
E= Youngs modulus
s= Stress
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Setting boundary conditions

We force two planes of the cube
towards each other. The displacement
is 1/3 of the model dimension for each 
side. 

Along these planes, no slip in x 
or y direction is allowed. All 
other surfaces are free to move 
in any direction.
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A bit more interesting:
two cubes with different properties 

sharing a common boundary 

Steel

Steel

We apply two forces on the 
plane (as displacement of 
0.1m). The cubes have slightly 
different material properties.

This example has a boundary between the 
two materials. This boundary needs to be 
characterized. In this case, it is frictionless 
which is not natural at all (but reduces 
calculation time a lot).

Force that wants
to move the body

Force working 
against movement (due
friction)
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Results of the second example

Warning: material boundary is frictionless!

Example with friction
along the contact area
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Free programs you can use

FEM code:

� Basil (2D)

   (homepages.see.leeds.ac.uk/~eargah/basil/)

� Elmer (2D,3D) (csc.fi/english/pages/elmer)

Meshing tools:

� Triangle (cs.cmu.edu/~quake/triangle.html)

� Gmsh (geuz.org/gmsh/)
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Front-tracking

� Front-tracking models (usually) keep track of 
polygons (or polyhedra in 3D)

� The “tricky” part of front-tracking is the book-
keeping (where is which node, intersections  
etc.) 
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Some examples (from Elle)
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Some examples
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Example of simple grain growth
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Example of simple grain growth
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Converting the “real world” to the 
“computer world”

Simple drawing from any program,
has to be in ppm-format.

converter prog.

Computer file

  34

A simple example: Grain growth

� “Design” 
microstructure

For Elle, this means drawing 
one yourself (or using a thin-
section picture and draw 
from that).

� Convert to Elle

Converting the picture (which 
has to be a ppm) to an Elle-
readable format is just a 
matter of calling ppm2elle. 
There are no triangulations 
involved since Elle “only” 
needs the boundaries.

Parameters:
Surface energy: 0.07 (fixed material property)
Boundary mobility: 1e-10 (fixed material property)
Time:  thousands of steps
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Results
Grains shrink and 
disappear
(development of foam 
texture)

Why and how they do 
that is not easy to see 
from this, we need 
statistics to say more 
about the process.
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Results
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Another example:
Grain growth with melt present

�  surface energies 
�  melt fraction

fixed to 2%, defined by amount
of melt in starting grain fabric

�  mobility of boundaries

Starting grain fabric

Wetting angle:

The wetting angle is defined be the surface energies of solid-
solid and solid-liquid boundaries. In these simulations liquid-
liquid boundaries do not influence the wetting angle.

2cos � 

2

	= � ss / � sl

wetting angle
energy of solid-solid boundaries
energy of solid-liquid boundaries



� ss

� sl

�
 60 � = 60 �� 60

If        = 1 and         =0.5019 then    =10°� ss � sl 


  38

Using the same starting
grain fabric with different
wetting angles

~10° ~60° ~120°

Isotropic examples
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Anisotropic example

Instead of setting a fixed surface energy for each surface, we can set a 
surface energy that depends on the orientation of the surface with 
respect to some crystallographic axis (c-axis)
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Free front-tracking programs

� Elle 

(www.materialsknowledge.org/elle/)

� ?
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Combining things?!

Sometimes, a problem is best simulated using a 
combination of different techniques (e.g. 

deformation of a recrystallizing rock).
This is desirable but only very few programs do 

have the facility to do so “out-of-the-box”. 
Especially not commercial code!

Sometimes you can “script” two or more 
programs together, but that is hard to do...

Basil and Elle can do that easily
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How to combine what?

grain growth

diffusiondeformation

output fileoutput file

output file

100 stages

300 stages

2 stages

10000 stages
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An example: deforming a partially 
molten rock in pure shear

Topology

Strain (xy)
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Examples of multiprocess simulations:
Elle and basil

Rotation of a porphyroblast using Basil and Elle. Grey colors correspond to different 
viscosities. As the deformation continues, the light grey minerals are elongated while 
the less viscous core just rotates.

Basil can be used to solve 2D viscous flow field problems (e.g. porphyoblast rotation) 
and viscous deformation of a thin sheet with externally set stress normal to the plane 
(such as subduction, continent collision etc.).
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Examples of multiprocess simulations: 
elle_melt and manuel (1)

Combination of elle_melt and elle_manuel, 2% melt fraction, 10° wetting angle,
fixed melt fraction

t=0                           t=60                          t=120                         t=175
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Various resources

� Basic concepts of FEA (web based)

engineering-education.com/miniFEA/index.htm

� Abramowitz and Stegun: Handbook of Mathematical Functions.

nrbook.com/abramowitz_and_stegun/toc.htm

� Properties of common solid materials

efunda.com/materials/common_matl/common_matl.cfm

� SciLab (like MatLab, just for free and very good)

http://www.scilab.org/
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Thank you
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